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Abstract 

A three dimensional generally covariant theory is described that has a 2+1 canonical 
decomposition in which the Hamiltonian constraint, which generates the dynamics, is 
absent. Physical observables for the theory are described and the classical and quantum 
theories are compared with ordinary 2+1 gravity. 
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The work on 3+1 gravity in recent years using the Ashtekar canonical variables [1-3] 
has prompted the study of a number of toy models that have Hamiltonian formulations 
similar to those for general relativity. Among these models are 2+1 gravity [4], and a 4D 
generally covariant theory that has the peculiar property that its canonical decomposition 
does not contain the Hamiltonian constraint [5] . This latter theory is constructed from 
an SU(2) connection a, and a dreibein e with internal indices in SU(2) (rather than the 
usual SL(2,C)), and its action is J M Tr(e A e A -F[a]). In the canonical decomposition of 
this theory, the phase space and the other constraints, the 3D spatial diffeomorphism and 
Gauss law constraints, have exactly the same form as those for canonical general relativity 
written in terms of the Ashtekar variables. The other difference between this 4D model 
and general relativity is that the phase space coordinate is a real SU(2) connection for the 
former and a complex one for the latter. Therefore the analog of the reality conditions 
present in the Ashtekar formulation are easy to implement in the quantum theory. 

The reason that the Hamiltonian constraint (and hence 'dynamics') is absent in this 
model is essentially that the action is constructed from a dreibein, so that the spacetime 
metric is degenerate with signature (0, +, +, +). It turns out (via the equations of motion) 
that the degeneracy direction is also a Killing direction. Thus the 4D theory in its generally 
covariant form is effectively already 'dimensionally reduced'. 

In this letter, a 3D generally covariant theory is described that has the same rela- 
tionship to 3D gravity that the above mentioned model has to 4D gravity. The theory 
is topological, as is 3D gravity, and is 'exactly soluble' in the same sense, but with the 
dynamics really absent. (One might be tempted to say that there is no dynamics in 3D 
gravity as well. This is not the case however, since in the standard initial value formu- 
lation, the geometric variables (the spatial metric and the extrinsic curvature) do evolve 
via the hamiltonian constraint) . A comparison of the classical and quantum theories with 
those of 3D gravity is therefore useful, and may help to clarify conceptual issues regard- 
ing dynamical versus non-dynamical observables that have been discussed recently in the 
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literature [6-8]. It may also help in identifying a natural intrinsic time variable for 2+1 
gravity. 

In order that there be no Hamiltonian constraint (and hence no 'dynamics') in the 
Hamiltonian theory, we follow the example of the 4D theory [5] and seek a generally covari- 
ant 3D action that is constructed from a zweibein and a gauge field. Since Wit ISO(2,l) 
Chern-Simons theory [9], (which has a dreibein built into it), a natural choice for an action 
with a zweibein is provided by the an ISO(2) Chern-Simons theory. ISO(2) gives a degen- 
erate spacetime metric with signature (0, +, +) as desired, (although the latter may be of 
interest as well). There is however a problem with this since there is no non-degenerate 
quadratic form on these Lie algebras. This is rectified by considering the Lie algebras 
with a cosmological constant A. The generators Pi and J, with non-zero A now satify the 
commutation rules 

[P i ,P j ] = Xe ij J [J,P t ]=e tJ Pi (1) 

where the (internal) indices i, j = 1,2 are raised by the 2D metrics (+,+) for A positive 
and (— , +) for A negative. The algebras for A = H — are so(3) and so(2,l) respectively, 
corresponding to the DeSitter groups of Euclidean or Minkowskian 2D space. The relevant 
connection is A a = e l a P l + uj a J where a, (3... are the spacetime indices. The Chern-Simons 
action 

I = J Tr(A AdA + ^AAAAA) (2) 
with the trace < J, J >= 1, < Pi, Pj >= XSij and < J, P, >= reduces to 

1= f e^^dp^ + Xe^d^ + Xe^e^] (3) 

The degenerate spacetime metric is g a p = e^e^ and the degeneracy direction is given by 
the vector density n a = e a/37 e^e^eij. We have the relation g a pn a = 0. A straightfor- 
ward 2+1 decomposition , assuming the spacetime topology Exi?, yields the canonically 
conjugate phase space variables (e^el) and {w\,ijJ<i) satisfying the commutation rules 
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{ e U x )i e Uy)} = (l/A)e a& ^'5 2 (x-y) and {u a (x), u b (y)} = e ab 5 2 (x-y). The indices a,b,.. 
are the spatial projections of the spacetime indices. There are three constraints found by 
varying the action with respect to the time components, ujq and e l : 

g ee e ab {d a u b + \e^ h ) = (4) 

and 

V * = e ab (d a el + e)eiuj b )=0 (5) 
These satisfy the Poisson bracket relations 

{<7(A),<7(A')} = {g(A),V(m*)} = K(Ae*'W) (6) 

and 

{Vim 1 ), V(n 1 )} = g(e ij m l n j ) (7) 

where g(A) = J* s Ag and V(m l ) = j^mW 1 . These are all the (first class) constraints and 
there are no other constraints. 

The first (4) generates internal gauge transformations: rotations of the zweibein 
{<7(A), e^}=Ae Jl e^, and Abelian gauge transformations on uj a , {g{A), uj a } = d a A. The 
second (5) mi by replacing it with the linear combination C a = Xe^V 1 + u a g. It is easy 
to verify, for example, that {J E N a C a , e l a }= C^e 1 ^ where denotes the Lie derivative 
with respect to the vector field iV a . It is clear that there is no analog of a Hamiltonian 
constraint (as desired). By contrast, for 2+1 gravity in the dreibein-spin connection vari- 
ables, there is an SO (2,1) Gauss law constraint and a vanishing curvature condition for the 
SO(2,l) connection[9,4]. The latter are three conditions which do contain the Hamiltonian 
constraint (as well as the two spatial diffeomorphisms C a ). 

The gauge invariant physical observables can be readily constructed by noting that the 
constraints g, V 1 are just pieces of the vanishing curvature condition F ab = V l P l + g J = 
for the connection A a = e l a P l +uj a J. The observables are therefore just the Wilson lines for 
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this A, T[y] = Tr [Pexp dx A], where the trace is taken over a two by two representation 
of the generators. 

We now restrict attention to the case of A = 1 where the algebra (1) is so(3), since 
this is the case relevant to spatial metrics of signature (+, +) (and hence to comparisons 
with 2+1 gravity). The case of A = — 1 may be similarly treated. Using the fundamental 
Poisson brackets and the trace identity J2i Tr [ Ari ] Tr [ Bri ] = Tr[AB] - Tr^S" 1 ] (where 
A, B are SO(3) matrices and r l are the generators), the Wilson line observables satisfy the 
closed Poisson bracket relations 

{T[a],T[P}}= A(a,/3)(T[ao/3]-T[aor 1 ]) (8) 

where ao(3 denotes composition of the loops a and (3 and A(a, (3) is ± depending on the 
right/left handed sense of the tangent vectors to the loops at their intersection(s). 

On the classical reduced phase space, the T[a] are functions of the homotopy class 
of the loop a. Therefore, for the torus, for example, the reduced phase space is two- 
dimensional and is coordinatized by T[a] and T[b] where a, b are the (Abelian) generators 
of the homotopy group of the torus. In contrast, the reduced phase space for 2+1 gravity 
for the torus is four dimensional. The reason is as follows: whereas one may use Wilson line 
observables for 2+1 gravity as well [9,10], the connection in this case is iso(2,l) valued. 
Therefore, since there are two Casimir invariants for this Lie algebra, each Wilson line 
results in two independent observables, the mass and the angular momentum. (These 
two observables per line may be seperated naturally into a Wilson line observable for an 
so(2,l) connection, and an observable that is linear in the momentum conjugate to this 
connection [4]). But for the degenerate theory here, the Lie algebra is so(3) and there is 
only one Casimir invariant. Therefore there is only one observable per Wilson line. 

It is straightforward to construct a representation of the Poisson algebra (8) on func- 
tions of loops and thereby obtain the quantum mechanics of the model. Given functions 
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of loops P, a[P], satisfying the condition a[/3] = a[(3 1 ], we define the operator 



f[a]a[(3] = ihA(a, (3)(a[ao(3] - afao/r 1 ]). 



(9) 



This definition gives a commutator algebra for the f that reduces to (8) in the classical 



limit. 



Turning now to the quantum theory for the torus, we consider, for windings ni, ri2 
of the generators, representation space kets \ni,ri2 > (= | — ni, —712 >)■ The action (9) 
of the operators T[a] now specializes to 



The inner product is < mi,m2\ni,n2 > = S rnijni 5 m2yTl2 . This completes the description 
of the quantum theory. 

The two observables discussed above for the torus are truly non-dynamical since there 
is no Hamiltonian constraint. Furthermore, another reason we expect there to be two is 
that, for 2+1 gravity, for the torus, the four dimensional phase space can in principle be 
coordinatized by conjugate Hamiltonian and intrinsic time functions, together with two 
observables that evolve with respect to this time variable via the conjugate Hamiltonian. 
The present theory naturally identifies the two observables that are 'waiting to evolve' in 
this sense, via that Hamiltonian and time variable that will convert this theory to 2+1 
gravity (after the appropriate extension of the phase space). Or, to put it another way, if 
one can isolate these two observables on the phase space of 2+1 gravity (for the torus), 
the two remaining conjugate variables will provide a natural intrinsic time variable and 
Hamiltonian. A hint as to what observables of 2+1 gravity may correspond to the ones 
presented here comes from the Poisson algebra (8). Two (of the four) observables for 2+1 
gravity have exactly this algebra [4]! H and T, of the four observables, such that the 




T[6]|m, n 2 >= -ihni(\ni, n 2 + 1 > -\ni, n 2 - 1 >) 



(10) 
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Poisson brackets {H(x) 7 T(y)} = 5 2 {x — y) are satisfied. In principle this procedure should 
be possible for spacelike surfaces of arbitrary topology. 

Another possible direction that may be pursued using this model concerns 2D gravity. 
The model is in fact one for topological 2D gravity since there is a 2D metric and a 2D dif- 
feomorphism constraint in the canonical analysis. Thus SO (3) Chern-Simons theory may 
be interpreted in this way as 2D Euclidean (topological) gravity (or 2D Minkowskian grav- 
ity for SO(2,l)). It would be of interest to see if matter fields can be coupled to it in such 
a way that it remains non-dynamical in a 3D sense but becomes a 2D generally covariant 
field theory with local degrees of freedom. This would provide a way of constructing 2D 
field theories via canonical decompositions of 3D theories that have degenerate spacetime 
metrics. 
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